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In this paper, we determine all finite separable imaginary extensions KFq(x)
whose maximal order is a principal ideal domain in case KFq(x) is a non zero
genus cyclic extension of prime power degree. There exist exactly 42 such extensions,
among which 7 are non isomorphic over Fq .  2000 Academic Press
0. INTRODUCTION
The ideal class number one problem has its origin in the Disquisitiones
Arithmeticae of F. Gauss (1807). For quadratic imaginary number fields,
the problem was solved in 1966 by H. Stark and for general Abelian imaginary
number fields, it was solved in 1994 by K. Yamamura [12]: there are 172
imaginary Abelian number fields with class number one.
The ideal class number one problem has an analogue for function field
extensions Kk, where k=Fq(x) with some element x transcendental over Fq .
In the quadratic case, R. E. MacRae [7] proved that, up to isomorphism,
there are exactly 4 imaginary quadratic extensions Kk with ideal class number
one. Later, X. Zhang [13] (for odd characteristic) and Y. Aubry and D. Le
Brigand [2] (for even characteristic) have proved that there are exactly 4 non
zero genus imaginary bicyclic biquadratic function field extensions Kk.
In this paper, we solve the problem assuming that the extension Kk is
finite separable, cyclic and of prime power degree. In particular, we prove
the following result.
Theorem 0.1. Let l be a prime, and let n # N*. There are 42 cyclic
imaginary ln-extensions Kk such that the full constant field of K is Fq ,
gK {0, and with ideal class number equal to one. They are defined by
Fq(x, y) with q, gK , defining equation and divisor class number hK as follows:
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q gK Defining equation Up to isomorphism hK
2 1 y2+ y+x3+x+1=0 x [ x+1
x2+x [ x(C) 1
2 y2+ y+x5+x3+1=0 x [ x+1
x2+x [ x(C) 1
3 1 y2+2x3+x+1=0 x [ x+a, a # F3
x W y 1
2 y8+ y2(x3+x)+x2+1=0 x [ ax+b, a # F3* , b # F3 8
4 1 y2+ y+x3+w=0, (w)=F4* x [ x+a, a # F4 1
5 1 y4=x2+3 x [ ax+b, a # F5*, b # F5 2
y4=4(x2+2) x [ ax+b, a # F5*, b # F5 2
(C): Kk is a cyclic quartic extension, the defining equation of K is f ( y, z)=0
with some quadratic extension Fq(z) such that z2+z=x.
Remark 0.1. 1. Under the mentioned Fq-isomorphisms, each of the
first two equations give 3 non Fq(x)-isomorphic fields, the third equation
gives 6 non Fq(x)-isomorphic fields and the last 4 equations give respec-
tively 6, 4,10 and 10 non Fq(x)-isomorphic fields. Hence we get 42 function
field extensions Kk with ideal class number one.
2. MacRae’s solutions are the quadratic ones with hK=1.
The proof is based on a minoration of the relative divisor class number
(Sections 1 and 2) and ‘‘genus theory’’ for function fields (Section 3). The
determination of the solutions is done in Section 4 and Appendix.
1. PRELIMINARIES
Let KFq be an algebraic function field of one variable with finite
constant field Fq , where q is a prime power, and let S be a finite set of
places of K. The ideal class number hS associated with (K, S) is defined as
the class number of the Dedekind ring
OS= ,
P  S
OP ,
where OP=[z # K, vP(z)0] is the local ring associated with the valuation
vP at P.
The divisor class number hK of K is the order of the group of zero degree
divisors, modulo the principal ones.
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The integers hS and hK are related by the well known formula of
F. K. Schmidt (see [7], or [9] for instance)
$S hK=rS hS , (1.a)
where $S=gcd[deg P, P # S] and rS is the regulator of (K, S) i.e. the index
of the group of principal divisors supported on S in the group of zero
degree divisors supported on S. Furthermore, the analogue for function
fields of Dirichlet Unit Theorem gives
O*S &Fq*_Z
|S|&1. (1.b)
Remark 1.1. Let KFq be a function field and let S be a finite set of
places of K. Then $S divides hS . In particular, if we assume hS=1, then one
has $S=1.
Proof. The constant field extension Fq $S .KK is of degree $S and is
contained in the Hilbert class field of K (cf. [10]). K
Remark 1.2. Let KFq be a function field and let S=[P] for a place
P of K. Then hS=1 if and only if hK=deg P=1.
Proof. We have rS=1 and thus (1.a) gives (deg P) hK=hS . K
Computation of hK . For sake of completeness, we recall here how one
can compute hK for any function field KFq . The Zeta function of KFq is
ZK (T )=exp \ :

r=1
Nr(K)
T r
r +=
LK (T )
(1&T )(1&qT )
,
where Nr(K) stands for the number of rational places of K .Fqr Fq r . One has
hK=LK (1) and
LK (T )= ‘
gK
i=1
(1&|iT )(1&| i T),
where gK is the genus of K. The Riemann Hypothesis for function fields
tells us that the |i ’s are complex numbers satisfying ||i |=- q so that
LK (T )= ‘
gK
i=1
(1&2Re(|i) T+qT 2). (1.c)
The numbers Nr=Nr(K) are then given by
Nr=qr+1& :
gK
i=1
(|ri +|
r
i )=q
i+1& :
gK
i=1
2Re(|ri ). (1.d)
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As a consequence, one can compute LK (T) knowing Nr=Nr(K) for
r # [1, ..., gK], since
LK (T)= :
2gK
i=0
aiT i
with
a0=1, ai=
1
i
:
i
j=1
(Nj&(q j+1)) ai& j , 1igK , and
a2gK&i=q
g&iai , 0igK .
2. IMAGINARY EXTENSIONS
Definition 2.1. Let KK + be a finite separable function field extension,
and let S + be a finite set of places of K+. Let S be the set of places of K
above those in S+. We say that the extension KK+ is real if |S|=
[K : K+] |S+|, i.e. if the places of S + split completely in K. Otherwise the
extension is said to be imaginary and totally imaginary if |S|=|S+|.
In the rest of the paper, we will keep the following notations.
Let k=Fq(x) be a rational function field, and let Kk be an Abelian
imaginary extension. Let S be the set of places of K above =( 1x).
Assume furthermore that $S=1, i.e. each place of S has degree 1 (if we
assume hS=1, then we are in that case).
Let G be the inertia group of  and let K+ be its fixed field. Thus K+
is the maximal real subfield of K, i.e. the maximal subfield of K in which
 splits totally. Setting S +=[P & K+, P # S], we obtain the following
picture:
The extension KK+ is a totally imaginary extension of the real extension
K+k. Y. Aubry [1] has proved that there are only finitely many such
extensions when the ideal class number is fixed. In the next subsections, we
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give conditions for such fields to exist when the ideal class number hS is
equal to 1.
For the totally imaginary extension KK+, we have the following results.
Relative ideal class number. Let h+S =hS+ be the ideal class number
of K+k. Because KK + is totally imaginary, one can prove, as in Proposi-
tion 2.1. of [10], that h+S divides hS . We set h
&
S =hS h
+
S .
Relative divisor class number. Since KK+ is finite separable, the Zeta
function of K+ divides that of K and thus the same result holds for the
divisor class numbers. Let h+K be the divisor class number of K
+, and set
h&K =hK h
+
K .
Relative regulator. Let rS and r+S be the regulators of Kk and K
+k
respectively, and set r&S =rS r
+
S .
Furthermore, let Q=[O*S : Fq*O*S+] be the unit index. Then, as in Lemma
1.15 of [4], we have
r&S =
[K : K+] |S|&1
Q
# N*. (2.a)
2.1. Minoration of the Relative Divisor Class Number
As above, let KK+ be a totally imaginary extension associated with the
sets of places S and S+. Assume furthermore that $S=$S+=1. Using (1.a)
applied to (K, S) and (K+, S+), we obtain
h&K =r
&
S h
&
S . (2.b)
In this section, we will minorate the relative divisor class number h&K in
terms of the genera and degrees of the extension Kk and K+k, in order
to obtain constraints for the terms involved in (2.b). For that we need
upper bounds for h+K and lower bounds for hK .
We have from (1.c) and the Riemann Hypothesis
hK+(- q+1)2gK+ . (2.c)
The following lemma will improve this bound, when it is applied to K+
and some of its subfield.
Lemma 2.1. Let EF be a finite separable extension of function fields
defined over Fq . If N1(E)N1(F ) and gE>gF then
hEhF \1+q+N1(E)&N1(F )gE& gF +
gE& gF
.
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Proof. Up to reordering the |i ’s, one has
LE (T )=LF (T) ‘
gE& gF
i=1
(1&2Re(|i ) T+qT 2),
so that
hE=LE (1)=hF ‘
gE& gF
i=1
(1+q&2Re(|i )).
Now the result follows from the arithmetic mean geometric mean inequality
‘
gE& gF
i=1
(1+q&2Re(|i ))\
 gE& gFi=1 (1+q&2Re(| i))
gE& gF +
gE& gF
,
and, using (1.d),
:
gE& gF
i=1
2Re(|i)=&(N1(E)&N1(F ))0. K
Next we minorate hK . First,
hK(- q&1)2gK.
However, if q4, this bound gives nothing more than hK1. There are
better lower bounds for hK that are obtained from properties of the curve
(or the Jacobian) and not only from the Jacobian seen as any Abelian
variety. One can find in [5] the following results. If gK1,
hK
q gK&1
gK+1
(q&1)2
q+1
, (2.d)
and if gK2,
hK(q&1)
(q&1)(q gK&1+1)+N1(K)(q gK&1&1)
(q+1)(gK+1)&N1(K)
. (2.e)
Now, using for instance (2.c) for K+ and (2.d) for K, we obtain
h&K 
q gK&1
gK+1
(q&1)2
q+1
1
(- q+1)2gK +
. (2.f )
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3. RAMIFICATION OF Kk
We will study the ramification of Kk in order to make useful equations
(2.c), (2.d) and (2.e). One needs information about gK and gK+ and this is
given, through the RiemannHu rwitzZeuthen formula, from ramification.
Lemma 3.1. Let Kk be an imaginary Abelian extension and let K +k be
its maximal real subfield as defined previously. Then any non trivial sub-
extension K$k of K+k is ramified.
Proof. If not, by class field theory, K$k would be a non-trivial subfield
of the Hilbert class field of k, which is k itself. K
Lemma 3.2. Let Kk be an imaginary Abelian extension and let K +k be
its maximal real subfield. Let l be any prime number. If P is any finite place
of K+, we denote by eP its ramification index in K. If hS=1, then
v If l |3 (q&1), then (eP , l )=1 for all finite places P.
v If l | (q&1), then (eP , l )l for at most one finite place P.
Proof. For an Abelian group G, let rkl G be the l-rank of G. The key
tool is the following ‘‘genus theory’’ inequality, (cf. Proposition 3.1 of [8]):
rkl OS:
P
rk l GP&rkl O*S+&rkl G
&, (3.a)
where GP stands for the inertia group of a place P of K +, the sum ranges
over all places of K+, and G&=Gal(KK +). For any prime l, we have
v rk l OS=0, since hS is assumed to be 1;
v by (1.b),
rkl O*S+ ={ |S ||S |&1
if l | (q&1),
otherwise;
v for each infinite place P of K+, GP=G& and thus
:
P
rkl GP=|S| rkl G&+ :
P finite
rkl GP .
Then by (3.a),
0 :
P finite
rkl GP+(|S|&1) rk l G& { |S||S|&1
if l | (q&1)
otherwise.
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For any place P of K+ such that rkl GP>0, we have rkl G&>0. As a
consequence, if l | (q&1) (resp. l |3 (q&1)) and rk l GP1 for at least two
places (resp. one place), we obtain a contradiction. K
4. PROOF OF THEOREM 0.1
In this section, we assume that the Abelian imaginary extension Kk is
cyclic of degree ln, l prime, n # N*. In Sub-section 4.1, we study the case of
a totally imaginary extension and in Sub-section 4.2, the case of a non
totally imaginary extension.
4.1. Case K+=k
Let Kk be a cyclic extension of degree ln, l prime, n # N* such that Kk
is totally imaginary, so that K+=k. Then S=[P].
From Remark 1.2, we have that the divisor class number and the degree
of the unique place P over =( 1x) are both equal to one.
Mac Rae [7] has determined all quadratic imaginary extensions Kk
with ideal class number one: the corresponding function fields KFq have
divisor class number equal to one. Then Leitzel et al. [6] have determined,
up to Fq -isomorphism, all function fields KFq which have divisor class
number equal to one and non zero genus. Apart MacRae’s solutions, all
function fields with divisor class number one have no rational place, and
therefore, they have an ideal class number greater than one.
What we have to do is thus to find the prime power cyclic extensions Kk
that are Fq -isomorphic to MacRae’s solutions and with ideal class number
one. Using the RiemannHu rwitzZeuthen Formula combined with the
Hilbert different formula, we find bounds on the degree and ramification
associated with the extension Kk. In particular, we have (see the appendix
at the end of the paper for a detailed proof) that the only possibilities for
the extension Kk are those listed in Theorem 0.1 with hK=1.
4.2. Case K+ * k
In the following lemma and its corollary, Kk is assumed to be a cyclic
ln-extension which is not totally imaginary, so that k % K+ % K.
Lemma 4.1. If hS=1 then there is a totally ramified finite place in Kk
and it is the unique ramified finite place of Kk.
Proof. If not, any ramified finite place p of k has a ramification index
ep such that ep<ln. Let G$ be the sub-group of Gal(Kk) of order l n&1.
Then the inertia group Gp of any ramified finite place p of k is contained
in G$, and thus KG$k is unramified.
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Now since K+{k, [K+ : k]l and KG$ is contained in K+, that is
K+k is unramified. This contradicts Lemma 3.1 and thus there is a totally
ramified place.
The uniqueness comes from Lemma 3.2 and the fact that Kk is cyclic:
any place that ramifies in K+k is totally ramified in KK+. K
Corollary 4.1. Assume hS=1. Then
(i) l | (q&1),
(ii) 3q,
(iii) O*S=O*S+ , and r
&
S =rSr
+
S =[K : K
+] |S|&1.
(iv) l | deg p, where p=( p(x)) is the unique ramified place of k.
Proof. (i) The extension KK + has a ramified finite place, the index of
ramification of which divides l. By Lemma 3.2, this implies that l | (q&1).
In particular, Kk is a tame extension.
(ii) If q=2 then l2 does not divides q&1.
(iii) For the first equality, see, for instance, Theorem 3.1 of [10]. The
second equality is a consequence of the first one according to (2.a).
(iv) Let k( y)k be the unique sub-extension of Kk which is cyclic of
degree l over k. By (i), it is a Kummer extension. Thus we have yl= p(x)np
for some integer np prime to l. Now, since k( y) is contained in K+, k( y)k
is a real extension and necessarily l | nP deg p. K
Assume hS=1. Then h+S =1 and h
&
S =1. From Remark 1.1, we obtain
$S=$S+=1.
According to Corollary 4.1(i), the ramification in Kk is tame. Thus the
RiemannHu rwitzZeuthen formula applied to Kk and K+k respectively
gives
2gK&2=&2ln+l n
+
(ln&n+&1)+(l n&1) deg p
and
2gK+&2=&2ln
+
+(l n+ &1) deg p,
where p is the unique ramified place which is totally ramified by Lemma 4.1,
and ln+ is the degree of K +k.
Now Corollary 4.1(iii) and (1.a) applied to K and K+ give
h&K =r
&
S =(l
n&n+) l
n+&1 (4.a)
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and thus, using (2.f ), we have
1l(n&n+)(1&l n
+
) q
gK&1
gK+1
(q&1)2
q+1
1
(- q+1)2gK+
. (4.b)
Remark 4.1. If the problem has no solution such that [K : K+]=l i,
i1 for a particular l then it has no solution in case [K : K+]=l j, ji.
Indeed, if there was a solution K with [K : K+]=l j, j2 then the field
K$ of index l in K would have an ideal class number equal to one (since
the infinite places ramifies in KK$) and would satisfy K$+=K+ and
[K$: K$+]=l j&1.
We will study successively the cases [K : K+]=l, l 2, ... Then we will
show that there is no solution when [K : K+]=l 3, thus, using the preced-
ing remark, there will be no solution when [K : K+]=l j, j3.
4.2.1. Case n+=n&1. For n+=n&1, (4.b) gives, setting d=deg p,
1l1&l n&1
q(l n&1(ld&l&1)&d+2)2&1
ln&1(ld&l&1)&d+4
_2_
(q&1)2
q+1
_(- q+1)&(l n&1&1)(d&2).
(4.c)
Recall that by Corollary 4.1(ii), we have q3. Using - q+1<- 3 - q, we
obtain
1>
\- q
ld&l&1&d+2
l - 3 +
l n&1
ln&2(ld&l&1)&(d&4)l
_2q&d2(- q+1)d&2
(q&1)2
q+1
,
and, from q&d2(- q+1)d&2 (q&1)
2
q+1 
(q&1)2
q(q+1)13, we get
1>
2
3
\- q
(l&1)(d&1)
l - 3 +
l n&1
ln&2(ld&l&1)&(d&4)l
. (4.d)
For d=2, we have then gK+=0 and thus N1(K+)=q+1. Because the
infinite place of k splits totally in K+, we can infer that ln&1q+1.
Furthermore, according to Corollary 4.1(iv), l=2.
Thus for - q>2 - 3, i.e. q>12, we obtain
1>
2
3
\ - q2 - 3+
q+1
(q+1)2+1
.
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This gives q17. The remaining values of q and the corresponding values
of n that do not contradict (4.c) are then checked to be the followings:
(q, n) # [(3, 3), (3, 2), (5, 2), (5, 3), (7, 2), (7, 3), (7, 4)].
We will study them in Section 4.2.4.
For d=3, we have l=3 and (4.d) gives
1>
2
3
\ q
2
3 - 3+
3n&1
5.3n&2+13
.
Since l=3 divides q&1, q4 and the above inequality is false for any n2.
By the same kinds of computations, we find finally that in case d4, the
only possible values that do not contradict (4.c) are d=4, q=3, l=2
and 2n7.
4.2.2. Case n+=n&2. For n+=n&2, (4.b) gives
1l 2(1&ln&2)
q(l n&2(l2 d&l 2&1)&d+2)2&1
ln&2(l 2 d&l 2&1)&d+4
_2_
(q&1)2
q+1
_(- q+1)&(l n&2&1)(d&2). (4.e)
Furthermore, n3 since K+{k. We use Case n+=n&1 and Remark 4.1.
For l=d=2, if q=3 or 5, we must have n+2 so that n4, and if
q=7, we must have n+3 so that n5. For q=3, l=2, d=4, Case
n+=n&1 and Remark 4.1 gives n+6, i.e. n8.
Now (4.e) gives a contradiction for each of these cases.
We find finally that the only possible values are q=3, d=2, l=2 and
n=3 or 4.
4.2.3. Case n+=n&3. For n+=n&3 we must have n4. According
to Case n+=n&2 and Remark 4.1, the only possibilities are q=3, d=2,
l=2 and n+2, i.e. n5. But replacing the values n=4 or 5 in (4.b) gives
a contradiction.
According to Remark 4.1, there is no possible value of q, l, n and n+
when n&n+4.
4.2.4. Determination of the solutions. We are left with the following
cases:
(1) n+=n&1, d=2, l=2 and q=3, 2n3, or q=5, 2n3 or
q=7, 2n4,
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(2) n+=n&1, d=4, l=2, q=3 and 2n7,
(3) n+=n&2, d=4, l=2, q=3 and n=3 or n=4.
Case (1). v For (l n+, n)=(2, 2), we have gK=1 and thus K is elliptic,
and gK+=0. Then hK=N1(K). Furthermore hK+=1 and hK=2hS . So
hS=1 if and only if hK=2.
 If q=3, from N1(K)=2, we get N2(K)=12. Let qi , 1i3,
denote the finite rational places of k and let pi , 1i3, denote the places of
degree 2 of k. We use N1(K +)=q+1=4 and N2(K +)=q2+1=10 respec-
tively to obtain necessarily the following decomposition of qi and pi in K:
q1=Q1 , q2=Q2 and q3=Q3 Q4 .
p1= p=P41 , p2=P2 and p3=P3 P4 or p3=P3P4P5P6 .
In the first case we get N2(K)=8 and in the second case, N2(K)=16.
 If q=5, then Kk is a Kummer extension. We may assume
K=k( y) for some y satisfying y4=wp(x) where p(x) is a monic irreducible
polynomial of degree 2 and w # F5*, up to Fq(x)-isomorphism y [ p(x)y.
For N1(K)=hK to be equal to 2, since N1(K)2>5+1&2 - 5, a
necessary and sufficient condition is that the finite places (x&a), a # F5 , of
k do not split in K, i.e. wp(a){1 for all a # F5 . Now if y4=wp(x) is a solu-
tion, then y4=wp(ax+b), with a # F5*, b # F5 is also a solution, and we
obtain 10 solutions using this composition. We also have that [wp(a),
a # F5]=[2, 3, 4] and thus for any w$ # F5* , w{w$, y4=w$p(x) is not a
solution since then 1 # [w$a, a=2, 3, 4]. Finally, one the one hand, the set
of the 10 monic irreducible polynomials of degree 2 of F5[x] is obtained
from two of them and from the composition x [ x+1, and on the other
hand, we have that y2=x2+3 and y4=4(x2+2) are solutions satisfying
x2+3{4((ax+b)2+2) for any a # F5* , b # F5 . Thus we get all the solu-
tions from these 2 ones, which gives two F5 -ismorphic function fields,
among twenty non Fq(x)-isomorphic solutions.
 If q=7 then from the Weil Bound N1(K)q+1&2g - q>3 we
obtain a contradiction to hK=2.
v For (ln+, n)=(4, 3), we have gK=2 and gK+=0 and thus hK=h&K
=8hS . So hS=1 if and only if hK=8.
 If q=3 we have to deal with Z8Z-extensions of k. In [3], it is
proved that one can get any cyclic extension Kk of degree q2&1=8 by
adding to k the p(x)-torsion points 4p(x) of a Drinfeld action
,a,b : F3[x]  EndF3 k
ac
x [ yx=ay3+by
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where a, b # Fq[x], for a monic irreducible polynomial p(x) of degree 2.
Setting p(x)=x2+:x+;, we get
,a, b(p(x))(y)=a(x)4 y9+a(x) y3(b(x)3+b(x)+:)+yp(b(x)). (V)
Let us find a and b, if any, such that K=k(4p(x))k satisfies the conditions
that the maximal real subfield of K is of index 2, that there is a unique
ramified place of degree 2 in Kk and that hK=8. For this, we may first
extend the base field, because constant field extensions are unramified.
Then (see [3]), the Kummer extension K .F9 k .F9 is given by
v8=
(‘&b)(‘&b3)
a4
=
(‘&b)(‘3&b)3
a4
where ‘ # F9 is a root of p(x).
An easy computation gives (‘&b)(‘3&b)= p(b(x)). Since necessarily
(‘&b)(‘3&b) divides gcd((‘&b)(‘3&b)3, a4), a place of degree 2 (corre-
sponding to p(b(x))) is totally ramified in Kk, only if deg b(x)=1 and
either a(x)=w or a(x)=wp(b(x)) for some w # F3* (we may assume a(x)
square-free, up to the Fq(x)-isomorphism y [ ya$ if (a$)2 | a).
Another easy computation gives b3+b+:= p(b)(b&:). Using (V), we
are then left with the following equations:
V a=w, y8+ay2p(b)(b&:)+ p(b)=0,
V a=wp(b), p(b)3 y8+wp(b) y2(b&:)+1=0.
One goes from the case w=1 to the case w=2 by x [ 2x, and there are
6 non Fq(x)-isomorphic equations of both forms (obtained from any of
them by x [ 2x and x [ x+1). Let us show that the function field F1 F3
defined by the first equation is Fq(x)-isomorphic to F2 Fq , the one defined
by the second equation.
Consider the Kummer extension k(v) defined by v2= p(b(x)). It is
contained in both F1 and F2 . So F2=F2 .k(v)=k( y, v) where y satisfies the
second equation. But k( y, v)=k( yv, v) and z= yv satisfies z8+wp(b) z2(b&:)
+ p(b)=0 which is the first equation. As a consequence, k(v) is contained
in k(z)=F1 and we get F1=k(z)=k(z, v)=F2 .
Finally, we are left with the 6 fields Kk defined by y8+ y2x(x2+1)+
x2+1=0 up to x [ 2x and x [ x+1. Then K+k is given by y4+
yx(x2+1)+x2+1=0 and we then easily verify the conditions mentioned
above. In particular, hS=1.
 If q=5, then from N1(K+)=6=4+2 we obtain 4N1(K)
4+2_[K : K+]=8. Using (2.e) gives then a contradiction to hK=8.
 If q=7, then from N1(K+)=8=4+4 we obtain 4N1(K)12
and a contradiction to (2.e) and hK=8.
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v For (ln+, n)=(8, 4), we have gK=4, gK+=0 and hK=h&K =128hS .
From N1(K+)=8=[K+ : k] we deduce N1(K)=8 also. Using (2.e) gives
a contradiction to hS=1.
Case (2). Assume n+=n&1 and d=4, l=2, q=3. Let K1 be the
quadratic extension k(- p(x)) contained in K+. We have gK1=1 and thus
N1(K1)=hK1 . Since the infinite place splits in K1 , this gives hK12.
Furthermore, a genus one function field over F3 has at most 7 rational
places, and since N1(K1) is even (because l=2), we obtain hK1=2, 4
or 6.
v Assume n>4 and let K4 be the function field of degree l 4=16 over
k contained in K+. We have gK4=15 and N1(K4)16 (number of infinite
places). Since a genus 15 function field over F3 has at most 28 rational
places and N1(K4)=16+16_|[rational places of k that split totally in
K4] |, we get N1(K4)=16. We also obtain that any intermediate field
between K4 and K has the infinite places as the only rational places. Now
for n=5, 6 or 7, we apply Lemma 2.1 to K + and K1 with N1(K+)=2n&1
and hK1=N1(K1)=2, 4 or 6. Using then (2.d) and (4.a) we obtain a
contradiction in each case.
v For n=4, we have N1(K)=16 or 32 and the same possible
values for N1(K +). Using this, Lemma 2.1 applied to K1 and K+, and the
minoration (2.e) for hK , we obtain a contradiction for each of these
cases.
v For n=3, we have N1(K)=4 or 8, and the same possible values for
N1(K+). The method of the case n=4 works fine here also.
v For n=2, K+=K1 and thus h+K =2, 4 or 6. We have N1(K)=2 or
4 and from (2.e) we obtain a contradiction.
Case (3). According to case (2), for which there is no solution, and
Remark 4.1, there is no solution in that case.
APPENDIX: CYCLIC SOLUTIONS ISOMORPHIC TO
MACRAE’S SOLUTIONS
Let Kk be a cyclic extension of degree ln such that hK=hS=1. Leitzel
et al. [6] have determined, up to Fq -isomorphism, all function fields KFq
which have divisor class number equal to one and non zero genus. Their
solutions are K=Fq(x, y) with, up to Fq -isomorphism,
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q gK
2 1 y2+ y+x3+x+1=0 (VV)
2 y2+ y+x5+x3+1=0 (VV)
y2+ y=
x3+x2+1
x3+x+1
(V)
3 y4+xy3+(x2+x) y2+(x3+1) y+x4+x+1=0 (V)
y4+(x3+x+1) y+x4+x+1=0 (V)
3 1 y2&x3+x+1=0 (VV)
4 1 y2+ y+x3+w=0 (VV)
where (w)=F4*.
The fields referred by (V) have no rational place (the places ( 1x), (x) and
(x+1) are all inert). We may thus assume that K is isomorphic to one of
MacRae’s solutions (VV), so that
q=2 and gK2, or, q=3 or 4 and gK=1.
According to (1.a), we only need the infinite place =( 1x) to be ramified
in K, because isomorphism does not change the divisor class number.
The RiemannHurwitzZeuthen Formula combined with the Hilbert’s
Different Formula gives
2gK&2=&2ln+:
P \ :P | P \ :

i=0
( |Gi (P)|&1)+ deg P+ , (A.a)
where the sum ranges over the places P of k and Gi (P) is the i th ramifica-
tion group of P (see for instance Theorem III.8.8 in [11]).
Furthermore, |G0(P)|=[K : k]=ln since  is totally ramified. Now,
G1(P) being a normal subgroup of G0(P) of order a power of the
characteristic and |G0(P)G1(P)| being prime to the characteristic, we
get that either |G1(P)|=1 or |G0(P)|=ln=(char k)n.
v If |G1(P)|=1, we have |G i (P)|=1 for i1 and from (A.a),
there are at least two ramified places Kk. Thus K is F3 -isomorphic to the
field defined by y2+2x3+x+1=0 and gK=1. Now from Lemma 3.2,
there is a unique ramified finite place p in Kk, and l | (q&1) so that l=2
and the extension Kk is tame. The RiemannHurwitzZeuthen Formula
gives then
0=&2n+1+2n&1+ :
P | p
(ep&1) deg P
=(deg p&1) 2n&
2n
ep
deg p&1.
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Write ep=2m for a m # N such that 0mn. Then
deg p=
1
2n&m
_
2n+1
2m&1
# N.
But 2 |3 2n+1, and thus n=m, and 2
n+1
2n&1 # Z if and only if 2
n&1=1 so that
n=1 and deg p=3. Finally, we find that the defining equation of K is
y2+2x3+x+1=0.
v If |G0(P)|=l n=(char k)n, the extension Kk is wild and from
Lemma 3.2,  is the unique ramified place of Kk. Furthermore, since
|G0(P)G1(P)| is prime to char k, we have |G1(P)|=l n and since for
all i1, Gi (P)Gi+1(P) is an additive subgroup of the residue class field
of P which is Fl , we have |Gi+1(P)||Gi (P)|l. From (A.a) we get
2gK= :

i=2
( |Gi (P)|&1) :
n
i=1
(ln&i&1)=
l n&1
l&1
&n.
From the possible cases, l=char k=2 or 3, we thus obtain
gK=2, l=2, and n=1, 2 or 3, or
gK=1, l=2 or 3, and n=1 or 2.
 If q=l=3 and n=1, then K=k( y)k is a genus one Artin
Schreier extension, that is
y3& y=z(x)
for some z(x) # k, with z{u3&u for any u # k=Fq(x). Since  is the only
ramified place of Kk, we can furthermore assume that z(x) # F3[x] and
from gK=1 we may assume that deg z(x)=2. Finally, from hK=1=N1(K),
any finite rational place of k must be inert in K that is for p=(x&a) we must
have z(a){0 so that z is irreducible. We get K=F3(x, y) with defining
equation
y3&y&x2&1=0,
y3&y&x2&x+1=0,
or y3&y&x2+x+1=0.
The reader may remark that, for instance, under x W y the field defined by
the second equation is F3 -isomorphic to the Kummer one defined by y2+
2x3+x+1=0.
181CYCLIC FUNCTION FIELDS
 If q=l=3 and n=2. Since gK=1, hK=1=N1(K) we find that
N2(K)=7 so that K must contain 3 places of degree 2. This cannot happen
because [K : k]=9.
 If q=2 or 4, l=2 and n=1, we recover MacRae’s solutions and
their Fq(x)-isomorphic ones, as mentioned in Theorem 0.1.
 If q=l=2, and 3n>1, let 2m be the degree of the maximal
rational subfield K0 contained in K. By (A.a) applied to K0 k, we find that
02m&1&2 and thus m=1. Since  must ramifies in K0 , we may write
K0=F2(z), where z satisfies
z2+z=x or x+1.
V If n=2, then K=F3( y, z) with y satisfying y2+ y+z3+
z+1=0, (resp. y2+ y+z5+z3+1=0), in case gK=1, (resp. gK=2).
V If gK=2, n=3 then K is a quadratic extension of a genus 1
biquadratic extension of K1 Fq(x). From gK1=hK1=1 we get N1(K)=1 and
thus the infinite place is the only rational place of K1 and N1(K)=1 also. Now
from hK=1 and N1(K)=1 we get N2(K)=2 so that K contains a unique place
of degree 2. This place is necessarily over a rational finite place of K1 since
KK1 is ramified only at infinity and we obtain a contradiction.
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